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Abstract
In this article, we study some interesting properties of pseudo symmetric ideals and prime
pseudo symmetric ideals in partially ordered ternary semigroup.
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Introduction

Lehmer D. H. [3] studied the triplexes algebraic systems for commutative ternary groups.
The ideal theory of n-ary semigroups and ternary semigroup was introduced by Sioson
F. M. [5] in 1965. Dixit V. N. and Dewan S. [7] studied the properties of quasi-ideals
and bi-ideals in ternary semigroups. lampan A. [1, 2] has developed the theory of ordered
ternary semigroups along the line of the theory of ordered semigroups and ternary
semigroups. Daddi V. R. and Pawar Y. S. [8] defined the notion of an ordered quasi-ideal
and an ordered bi-ideal in an ordered ternary semigroup. In 2014, Siva Rami Reddy V.
et al. [9, 10] have established the ideal theory of a partially ordered ternary semigroup.
They also defined and studied the notions of complete prime ideals, prime ideals,
complete semiprime ideals and semiprime ideals of partially ordered ternary semigroups.
Jyothi V. et al. in [6] introduced the notion of semipseudo symmetric ideals and pseudo
symmetric ideals of partially ordered ternary semigroups. The notions of prime,
semiprime pseudo symmetric ideals and irreducible pseudo symmetric ideals of partially
ordered ternary semigroups is defined by Shinde D. N. and Gophane M. T in [4].

Preliminaries

A non-empty set T with a ternary operation [ ]: Tx T X T - T iscalled aternary
semigroup [3] if [ ] satisfies the associative law, [pqrst |=[[pqr ] st ]=
[p[grs]t]l=[pq[rst]]foralp,q,rsteT.

For non-empty subsets X,Y and Z of a ternary semigroup T, [XYZ] = {[xyz]:x € X,
y € Y and z € Z}. For easiness, we write, [XYZ] as XYZ, [xyz] = xyz and [XXX] =
X3,

A ternary semigroup T is said to be a partially ordered ternary semigroup [1] if there exist
a partially ordered relation < onTsuchthat,a < b = xya < xyb,xay < xby,axy <
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bxy for all a,b,x,y € T. In this article, we write T for a partially ordered ternary
semigroup, unless otherwise specified.

A partially ordered ternary semigroup T is said to be commutative [2] if xyz = zxy =
yzx = yxz = zyx = xzy, forall x,y,z€ T.

Let X be a non-empty subset of T. We denote, {t € T: t < x,forsome x € X } by
(X].

A non-empty subset I of T is said to be a left (respectively, right, lateral) ideal [8] of T if
TTI < I (respectively, ITT <€ I,TIT < I )and (I] = I. A non-empty subset  of T is
said to be ideal [8] of T if it is a left ideal, a right ideal and a lateral ideal of T.

An ideal I of T is said to be a pseudo symmetric ideal [6] if x,y,z € T,xyz € I implies
xsytz €IV s, t €T. A pseudo symmetric ideal 1 of T is said to be proper pseudo
symmetric ideal of T if it different from T.

A proper pseudo symmetric ideal I of T is said to be a prime pseudo symmetric ideal [4]
of TiF L LIS I=>1; € lorl, € lorl; € I wherel,I,,I; are pseudo symmetric
ideals of T.

Result: [8] Let A, B and C be non-empty subset of T then the following statements hold,
(1) A < (4]

(2) ((A]] = (A].

(3) (Al(BI(C] < (ABC].

(4)If A< Bthen (4] c (B].

Main Results:
Pseudo Symmetric Ideals

Theorem 1: If I; and I, are two pseudo symmetric ideal of T then I; N I, is also pseudo
symmetric ideal of T, provided I, N I, # @.

Proof: Since I; and I, are ideal of T. So, I; N I, is ideal of T. Letxyz € I, n
LVx,y,z€T=>xyz€l; &xyz €l,. If xyz € I, and I, is pseudo symmetric ideal of
T then xsytzel,Vs,teT. If xyzel, and [, is pseudo symmetric
ideal of T then xsytz €I, Vs, t € T.So,xsytz € I; N 1,. Hence I, NI, is a pseudo
symmetric ideal of T.

Theorem 2: Arbitrary intersection of pseudo symmetric ideal of T is a pseudo symmetric
ideal of T, provided it is non-empty.

Proof: Let {I;};cx be a family of pseudo symmetric ideals of T. Let I = N;eal; # O, be
the intersection of this family of T. Here [ isanideal. Letxyz € IV x,y,z €T = xyz €
I;;i € Aand [; is pseudo symmetric ideal of T thenxsytzel,,i€A Vs, teT =
xsytz € Nieal;, Vs, t ET => xsytze€l Vs,t €T. Hence I is a pseudo symmetric
ideal of T.

Theorem 3: If I; and I, are two pseudo symmetric ideal of partially ordered ternary
semigroup T then I; U I, is also pseudo symmetric ideal of T.
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Proof: Since, I; and I, are ideal of T. So,I; U I, is ideal of T. Letxyz € I; U

I,Vx,y,z€T = eitherxyz € I, orxyz € I,. If xyz € I; and I; is pseudo symmetric
ideal of T then xsytze L Vs,t €T = xsytz € I; Ul,. If xyz €1, and I, is pseudo
symmetric ideal of Tthene I, Vs,t e T = xsytz € I; U, .Hencel; U, is a pseudo
symmetric ideal of T.

Theorem 4: Arbitrary union of pseudo symmetric ideal of T is a pseudo symmetric ideal
of T.

Proof: Let {I;};c, be a family of pseudo symmetric ideals of T. Let I = U;cp I; be the
union of this family of pseudo symmetric ideal of T. Hence I is an ideal of T. Now, let
xyz€1Vx,y,z€T = xyz€I; forsome i € A and [; is pseudo symmetric ideal of T
then xsytz € I; forsomei € A Vs,t €T = xsytz € Ujepl; Vs, t €T xsytz €

I Vs,t €T.Hencelisapseudo symmetric ideal of T.

Theorem 5: The collection of all pseudo symmetric ideals of partially ordered ternary
semigroup T forms a poset with respect to the partial ordering relation c.

Proof: Let 7 = {I; /i € A, Ais any indexing set} be a family of all pseudo symmetric
ideals of partially ordered ternary semigroup T.

(1) Reflexive- Forany I; € 3,i € A, I; € I; = < is reflexive.

(2) Antisymmetric- For any I;,[; €Jandi,j€A. If [ €I,[; S Ithenl; =1 = C
is antisymmetric.

(3) Transitive- For any I;,1;, I, € Jand i,j,k € A. If I; € I;,I; € Iythen]; € I, = <
is transitive. Therefore 7 forms a poset.

Theorem 6: Let I be an ideal of commutative partially ordered ternary semigroup T, then
I is a pseudo symmetric ideal.

Proof: Let T be the commutative partially ordered ternary semigroup and I be any ideal
of T. Letx,y,z€T, xyz€lands,t € Tthenxsytz = xystz = xyszt = xyzst =
(xyz)st € ITT < 1 = xsytz € I . Hence I is a pseudo symmetric ideal of T.

Corollary 7: If I is an ideal of commutative partially ordered ternary semigroup T then
(1] isapseudo symmetric ideal of T.

Note: In a commutative partially ordered ternary semigroup, a left, a right and a lateral
ideal coincide.

Theorem 8: The intersection of a left, a right and a lateral ideal of commutative partially
ordered ternary semigroup T is a pseudo symmetric ideal of T.

Proof: According to above note, a left, a right and a lateral ideal are coinciding and every
ideal of commutative partially ordered ternary semigroup is pseudo symmetric ideal.

Theorem 8: If I is an ideal of T and P is a pseudo symmetric ideal of T, then I N P is a
pseudo symmetric ideal of I, providing I as a partially ordered ternary semigroup.
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Proof: Since, I is an ideal of T and P is a pseudo symmetric ideal of T then I n P isan
ideal of I. Letx,y,z€l,xyzeINP = xyz€landxyz€e€ P. If xyze€ [ and | is an
ideal of T then, for all s,t€l, considerxsytz = (xsy)tz€lll €1
(since I isanideal of T ) = xsytz € I. If xyz € P and P is a pseudo symmetric ideal
of T then, for all s,tel ST = xsytz€ PV s,t €T. Therefore xsytze€ INnP.
Hence I N P is a pseudo symmetric ideal of /.

Theorem: Every pseudo symmetric ideal of T is a bi- ideal of T.

Proof: Let I be a pseudo symmetric ideal of T. Consider ITITI = I(TIT)I € 11l <
TTI < I (since I is a pseudo symmetric ideal of T') and (I] < I. Hence, I is a bi- ideal of
T.

Theorem: Every pseudo symmetric ideal of T is a quasi- ideal of T.

Proof: Let I be a pseudo symmetric ideal of T. Consider (TTI]| N (TIT UTTITT] N
(TT1 < UIn{In (] =] < I. Therefore (TTI] n (TIT UTTITT]n (ITT] € I and
(I1 < I (since I is a pseudo symmetric ideal of T). Hence I is quasi- ideal of T.

Prime Pseudo Symmetric Ideals

Theorem: A proper pseudo symmetric ideal I of T is prime ifand only if I, I, I, ... ... -
are pseudo symmetric ideals of T, where n is an odd natural number, I, I, I5 ... ... I, <1
implies I; € I forsomei =1,2,3,...... , M.

Proof: Suppose I is a prime pseudo symmetric ideal of T. Let I, I,, I, ... ... , I, be pseudo
symmetric ideals of T such that I; 1,15 ... ... I, € I, where n is an odd natural number.
Ifn=1thenl; € I.

Ifn=3thenl;I;I; S 1 =1, S1orl, Clorl; € I(sincel isaprime pseudo symmetric
ideal of T). Hence I; < I forsomei = 1,2, 3.

Ifn=5thenl,,I;I,ls €I =LLI;Slorl,SlorlcSI=1 Slorl,Slorl; S1I
orl,clorls €1 (sincel isa prime pseudo symmetric ideal of T). Hence I; < I for
somei=1,2,3,4,5.

Therefore, by induction on n, I, I,15 ... ... I,€1=>[clforsomei=1,23,.... , M.
Conversely, let I, 1,5, ... ... , I, be pseudo symmetric ideals of T, where n is an odd
natural number such that I, 1,15 ... ... I,SI=1c<clforsomei=1,23,.... ,n. By the
definition of prime pseudo symmetric ideal, I is a prime pseudo symmetric ideal of T.

Definition: [4] A proper pseudo symmetric ideal I of T is said to be a maximal pseudo
symmetric ideal of T if I is not properly contained in any proper pseudo symmetric ideal
of T.

Theorem: If T is a partially ordered ternary semigroup such that T3 = T then every
maximal pseudo symmetric ideal of T is a prime pseudo symmetric ideal of T.

Proof: Let I be a maximal pseudo symmetric ideal of T. Let I;,1, and I; be pseudo
symmetric ideals of T such that I, I, I; € I. Suppose that I, € I, I, € I, I; & I. If
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I, £ I=1;UI is a pseudo symmetric ideal of T and I < [;, UI S T. Since I is a
maximal pseudo symmetric ideal of T, I, U1 = T. Similarly, we can prove that I, Ul =
Tand GUI=T. Now, T=T3=TTT = (L,UDU,UDU;UI) SI=>TCcI. Thus
I = T. Which is contradiction. Therefore either I, S T orl, S Torl; €1 .Hencelisa
prime pseudo symmetric ideal of T.
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