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Abstract 

Due to the advancement in electrical power systems, there is need for control, monitoring and protection so 

as to improve the efficiency, reliability and security of the power network. Phasor Measurement Units (PMU) 

as the ability to perform enlisted task also perform operations in real-time and dynamic monitoring scenario. 

The aim of this research work was to optimally site PMUs on IEEE 14- Bus and IEEE 33-Bus network using 

Graph Theoretic Procedure Method (GTPM) with the ability to maximally observe the whole power network. 

For IEEE 14-Bus network 5 PMUs were required while for IEEE 33-Bus network 14 PMUs were required for 

full observability of the networks. The GTPM was compared with previous method used on IEEE 14-Bus 

network. The PMUs measured voltage magnitude and phase angle was compared with load flow analysis 

using Newton Raphson method.  

 

Keywords: Phasor Measurement Units, Graph Theoretic Procedure Method, Optimal Placement, Power 

Network, Voltage Magnitude. 

 

Introduction 

Supervisory control and data acquisition (SCADA) was the traditional method of collecting data from wide 

area network, but it have drawbacks such as slow static measurement due to its inability to observe the 

dynamic state of the system, unable to synchronize data and inability to make accurate state estimators of the 

network that can cause blackout[1]. 

Due to the advancement in power systems, there is need for fast, accurate and synchronization of measured 

data from distance location for monitoring to improve the efficiency, reliability and security of the power 

network[2]. Phasor Measurement Units (PMU) are mainly used to monitor power system for critical 
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conditions such as, voltage variation, faulty conditions, or any contingencies in a power system, it can also act 

as a fault recorder in power systems by recording waveforms. It can be deployed in real-time or dynamic 

monitoring scenario. The real-time monitoring scenario can be achieved by deploying Global Positioning 

system (GPS)[3]. 

PMU with sufficient numbers of channels can be installed on node bus to measure voltage magnitude and 

voltage phasor of the installed bus and the current phasor of all the branches connected to the node bus, these 

can help to improved protection, monitoring, and control of the system in a smart grid[3]. The cost price of 

PMU device ranges from $40,000 to $180,000 depending on the number channels the device is having[1]. 

Installing PMU at every bus on the network is not economical; there is need to optimally placed PMU on 

power networks to minimize cost. In 2014, about 1100 PMUs were installed on United State Eastern 

interconnection network, the PMUs were able to monitor the transmission system[4].  

Placement of PMU in a modern power network is a big challenge because of the financial implication, there 

is need for researcher to find possible ways to minimize cost. We have two methodologies that have been used 

in literature to address the purpose of optimal PMU allocation problem: (i) allocation of PMU to monitor the 

dynamic response of the system and (ii) development of list of allocation based on observability of the 

network. The dynamic response method gives a coherent picture of the power network and are mainly used to 

analyze voltage stability to avoid voltage collapse[5], protection, and assessment of the voltage security[6][7] 

while allocation based on observability are deployed to ensure that the whole network is properly observed, 

placing PMU on every bus of the network is not economical, that is why there is need for optimal placement 

of PMU for as long all buses are observed, this method was demonstrated in [8][1][9][10]. 

To achieved optimal placement of PMU, three method have been applied which are: (i) mathematical approach 

by deploying the mathematical model of the system[11], an example of a mathematical method used by 

researcher are: integer linear programming; mixed integer linear programming;   (ii) meta-heuristic algorithms: 

In [12], Genetic Algorithm (GA) was deployed for optimally placed PMU, considering the observability and 

security of the network; Tabu search algorithm was used to optimally placed PMU for effective observability 

of the full network [13]; Exponential Binary Particle Swarm Optimization (EBPSO) was developed to find 

multiple solution of PMU placement for a smart grid application [14]; Grey Wolf Optimization Algorithm 

(GWOA) was developed to monitor the power network whenever the power company loses full observability 

of the system and (iii) graph theory approach  

 

Power System Observability and PMU Sitting Formulation. 

A power network is said to be observable when all the state variable of the network are estimable. This is 

when the network voltage magnitude and voltage phasor of all the buses are measurable. When power system 

changes state, it affects the measured data and the network topology at any time, if this condition occurs, 

network observability becomes necessary. Network observability depends on the numerical and topological 

structure of the network. The topological approach is based on the information about measurement type, 

network connectivity and locations while the numerical approach is based on the gain matrix or the numerical 

factorization Jacobian matrix measurement information.  

 

Topology Observability Approach 

This method deals with the network structure, type of measurement and locations by identifying observable 

buses and the one around it. Topology observability methods have fast converged speed compare to numerical 

observability method and are highly implemented in software packages. So, in optimal PMU placement is to 
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minimize the number of PMUs and their installation locations such that the whole network becomes 

observable, topological observability method have proven to be more reliable and faster in observing network. 

From literature, it was observed that researchers develop different rules in analyzing network observability, 

the rules are as follows [15]: 

i.When a PMU is placed on a particular bus, the voltage and current phasor of that bus and its interconnected 

branches are known, it is called direct measurement; 

ii.Whenever the voltage phasor at both end of a branch is observed, the current phasor of the branch can be 

directly obtained, also,if the voltage phasor at one end of a branch is observed, the voltage and current phasor 

of the other end of the branch can be directly obtained, these type of measurement is called pseudo 

measurements; 

iii.For  N-bus network with zero-injection bus can be express as; 

 

  ∑ Yik
N
k=1 . Vk = 0        (1) 

Where;  Yik represent the admittance matrix of the k- bus and Vk represent the k-bus voltage phasor of the 

network. Therefore, if a zero-injection bus exists without PMU, and the interconnected branches current 

phasor are all observed except one, then the current phasor of the unobserved branch could be calculated using 

Kirchhoff’s current law (KCL); 

iv.If a zero-injection bus with unknown voltage phasor exist on the network and voltage phasor of its adjacent 

buses are all known, the voltage phasor of the zero-injection node can be obtained by deploying Nodal 

analysis; and 

v.If a group of adjacent zero-injection buses voltage phasors are unknown and the voltage phasors of all adjacent 

buses to the group are known, then the voltage phasor of the zero-injection buses can be obtained by deploying 

Nodal analysis. 

The measurements obtained from rule (iii-v) are called extended measurements. 

 

PMU Sitting Mathematical Formulation  

The optimal placement problem (OPP) formulations in respect to topological observability approach is as 

follow[16] ; 

f(w) = min ∑ wi
P
i=1       (2) 

Subject to Af(x) ≥ B 

Where;  

f (w) represent  objective function for Optimal PMU Placement (OPP); 

wi refers to the PMU’s installed on the network; and P is the total number of network buses. 

Bi = ≥ [1 1 1 1 … … … .1 1 1]T      (3)   

[xi] is the PMU positional matrix associated with node i as defined in eq.(4) 

Xi = {
1, if PMU is installed on node i
0, if PMU is otherwise

}            (4) 

The objective function f (x) is subjected to observability constraint to ensure all buses on the network are 

observed; it is given in eq. (5). 

Fi = ∑ Aij
N
i=1 xi ≥ Y      (5) 

Where;  

𝑌  is the N size of vector whose element are all 1 

𝐹𝑖 is the observability constraint of buses relating to the  PMU bus; 
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  𝐹𝑖 =  {
≠ 0 𝑖𝑓 𝑛𝑜𝑑𝑒 𝑖 𝑖𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒
= 0 𝑖𝑓 𝑛𝑜𝑑𝑒 𝑖 𝑖𝑠 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

}     (6) 

𝐴𝑖𝑗 is the connectivity binary matrix of the network, whose elements are; 

 

𝐴𝑖𝑗 =  {

1    𝑖𝑓 𝑛𝑜𝑑𝑒 𝑖 = 𝑛𝑜𝑑𝑒 𝑗
1   𝑖𝑓 𝑛𝑜𝑑𝑒 𝑖 𝑎𝑛𝑑 𝑗 𝑎𝑟𝑒 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 
0  𝑖𝑓 𝑛𝑜𝑑𝑒 𝑖 𝑎𝑛𝑑 𝑗 𝑎𝑟𝑒 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

}    (7) 

 

The graphical representation of IEEE 14-bus and IEEE 33-bus network are shown in figure 1 and 2. 

 

 
Figure 1: Graphical Representation of IEEE 14-bus Network 

 

 
Figure 2: Graphical Representation of IEEE 33-bus Network 

 IEEE 14-bus network topology shown in figure 1 is represented in binary connectivity matrix shown in eq. 

(8) to solve Optimal PMU Placement (OPP) problem according to eq. (6). 
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𝐴 =  

|

|

|

|

1 1 0 0 1 0 0 0 0 0 0 0 0 0 
1 1 1 1 1 0 0 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0 0 0 0 0 0 
0 1 1 1 1 0 1 0 0 0 0 0 0 0 
1 1 0 1 1 1 0 0 0 0 0 0 0 0 
0 0 0 0 1 1 0 0 0 0 1 1 10
0 0 0 1 0 0 1 1 1 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 
0 0 0 1 0 0 1 0 1 1 0 0 0 1
0 0 0 0 0 0 0 0 1 1 1 0 0 0 
0 0 0 0 0 1 0 0 0 1 1 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 1 1 0
0 0 0 0 0 1 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 1 0 0 0 1 1

|

|

|

|

    (8) 

Identification of Minimum Number of PMUs Buses  

A PMU located on a bus should be able to measure the bus voltage and the current phasor including the 

interconnected buses. The system observability is complete when all the synchronized measurements provided 

by the PMUs are obtained. Besides we ensure the minimum number of PMUs measurement needed for the 

network observability are available (i.e. all nodes are observed). Under these conditions, the bus candidates 

for locating the PMUs, that is, the PMU-buses are those represented with larger number of interconnected 

branches. 

For PMU-buses to be identified on a power network, let consider a power network that consists of an N-buses 

and L- branches as shown in eq.(9). 

  𝑄 = 𝐴𝑇𝐴        (9)  

Where; A is the 𝐿 𝑥 𝑁 incidence matrix, N is an 𝑛 𝑥 𝑛 dimensional matrix and Q is an 𝑛 𝑥 𝑛 symmetrical 

matrix respectively. 

The ith diagonal element of Q, namely 𝑄𝑖𝑖, describes the connectivity degree characterizing the ith bus. 

The off-diagonal elements in the same row or column, 𝑄𝑖𝑗(𝑖 ≠j), indicate if buses i and j are directly connected 

(namely −𝑄𝑖𝑗 = −1) or not (namely −𝑄𝑖𝑗 = 0). It should be noted that the non-zero off-diagonal elements can 

be nothing other than −1.  

By applying a permutation matrix P to Q we obtain: 

𝑄∗ = 𝑃𝑄𝑃𝑇       (10) 

The matrix Q* has been arranged in a descending order of the connectivity degree. This matrix allows us to 

define a priority list of the PMU-buses candidates. Starting from this list, the PMU-buses will be selected by 

applying an iterative algorithm based on the topological network observability analysis. 

 

Load Flow Formulation Analysis 

The purpose of conducting load flow analysis on power network is to get complete information about the 

voltage profile on each bus and the power losses of the network [17]. Numerical method is used provide 

solution to load flow problems due to their nonlinear nature of the problem. 

The equation for a balance power system, are written in two equations which are; real and reactive power for 

each bus. 

For real power balance equation is 
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0 =  − 𝑃𝑛  +  ∑|𝑉𝑛| |𝑉𝑚|(𝐺𝑛𝑚𝑐𝑜𝑠𝜃𝑛𝑚 + 𝑗 𝐵𝑛𝑚𝑠𝑖𝑛𝜃𝑛𝑚)   (11) 

While the balance equation for the reactive power can be expressed as 

0 =  − 𝑄𝑛  +  ∑|𝑉𝑛| |𝑉𝑚|(𝐺𝑛𝑚𝑐𝑜𝑠𝜃𝑛𝑚 + 𝑗 𝐵𝑛𝑚𝑠𝑖𝑛𝜃𝑛𝑚)    (12) 

Where 𝑃𝑛  and 𝑄𝑛  are the net injected real and reactive power at bus  𝑛 , 𝐺𝑛𝑚  and 𝐵𝑛𝑚 represent real and 

imaginary part of the element in the 𝑛𝑡ℎ and 𝑚𝑡ℎ  bus admittance matrix 𝑌𝐵𝑈𝑆  and 𝜃𝑛𝑚 is the difference in 

voltage angle between 𝑛𝑡ℎ and 𝑚𝑡ℎ buses.  

The complex power equation is written as [18]; 

𝑆𝑛 =  𝑃𝑛 + 𝑗𝑄𝑛   

Where 𝑆𝑛
∗ =  𝑉𝑛

∗ I 

 𝐼 =  ∑ 𝑌𝑛𝑚
𝑁
𝑚=0 𝑉𝑚 

𝑃𝑛 − 𝑗𝑄𝑛 =  |𝑌𝑛𝑚𝑉𝑚𝑉𝑛|  𝑎𝑛𝑔(𝜃𝑛𝑚 +  𝛿𝑚 −  𝛿𝑛)      (13) 

Separating the real and imaginary part from eq. (10), we can obtain; 

𝑃𝑛 =  ∑ |𝑌𝑛𝑚𝑉𝑚𝑉𝑛|  𝑐𝑜𝑠(𝜃𝑛𝑚 +  𝛿𝑚 −  𝛿𝑛)𝑁
𝑚=0               (14) 

𝑄𝑛 =  − ∑ |𝑌𝑛𝑚VmVn|  sin(θnm +  δm −  δn)𝑁
𝑚=0                (15) 

Where δm  and δn are the voltage phase angle of bus m and n respectively and N is the total number of 

buses [17]. 

Newton Raphson Method was used to analyze the load flow for IEEE 33-bus network using PSAT 2.1.11 

Software, the voltage magnitude in (P.U) obtained from the analysis is shown in figure 2.  

 
Figure 3: voltage magnitude for IEEE 33-bus network 

 

State variable Estimation on Power System 

The mathematical model use to estimate power system state variables is given as [19]: 

z = y(x) + v          (16) 

Where x represent the estimated state variables which are presented in matrix form as; [δT

VT] where δ = bus 

voltage angle and V = bus voltage magnitude, z = (m x 1) measurement vector, v = (m x 1) measurement 

error vector, and y (.) = (m x 1) vector of nonlinear functions [19]. 

The state variables estimated problem according to eq. (16) can solved using iterative method, which is 

given as:   

[∆xi] = G(xi)−1 HT(x)W[∆zi] ; i = 0,1,2,3, … … ….    (17) 
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Where x(i+1) =  [∆xi] + xi ; [∆zi] =  z - y(xi)  

and   G(xi) = HT(x)W H(xi)  

where W  is the diagonal matrix whose element are the measurement weighting factors, H(x) is the jacobian 

matrix of y(x), and G(x) is the gain matrix. 

 

The Research Methodology   

This section discusses about the method deployed in optimal placement of PMUs in IEE 14-bus and IEEE 33-

bar network for complete observability and measurement of voltage magnitude and phase angle using Graph 

Theory Algorithm. The power network was model on PSAT 2.1.11 software. 

 

Graph Theoretic Procedure 

In a power system, a network can be represented by an undirected graph G = (V, E)  [20], where V = 

(v1, v2, v3, v4, … … … … . , vn) is called vertex, it is representing the buses on the network, and E= is called 

edges and represent the transmission lines and transformers. A power network graphical 

(e1, e2, e3, e4, … … … … . , en)  representation consists of a set of vertex (buses) connected by set of edge 

(transmission lines) [21]. The graphical representation of IEEE 14-bus and IEEE 33-bus is shown in figure1 

and 2. And the connectivity matrix of a IEEE14-bus is represented in eq (8). 

 

Load Flow Analysis Using Newton Raphson Algorithm 

Assume that all the buses on the network are PQ buses, the load flow solution must agree with non-linear 

algebraic equations in figure (18) and figure (19). 

 

The research work flow chart model 

 
Figure 4: The research flow chart on PSAT software 
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Result and Discussion 

Figure 5 shown below represent the load flow analysis and PMU measured voltage magnitude for IEEE 33- 

Bus network. The PMU was optimally placed on 14 buses and it was able to observe the voltages in all the 

buses. The accuracy of the PMU measurement ranges from 97- 99%. Figure 6; represent the load flow and 

PMU phase angle measurement. 

 
 

Figure 5: the load flow and the PMUs measured voltage values (p.u) 

 

 
 

Figure 6:  Phase angle values from load flow analysis and PMUs for IEEE 33 bus. 
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Figure 7a and 7b shows the plot of voltage magnitude and phase angle for IEEE 14 bus network as a result 

from load flow analysis and PMUs measured values. PMUs were optimally installed in five buses on the 

network and able to observed and measured voltages on all the buses on the network. 

Graph theoretic procedure (proposed method) were compared with previous method on IEEE 14 – Bus 

network in table 1, it was observed that the proposed method was able to optimally placed PMUs on five (5) 

buses while other methods except Depth first method were able to optimally placed on four (4) buses. Table 

2 shows the bus location for optimally siting PMUs on IEEE 33-Bus network using Graph theoretic procedure 

method.  
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Figure 7a: load flow and PMU measured voltage 

values for IEEE 14 bus 

Figure 7b: Phase angle values for load flow analysis and 

PMUs for IEEE 14 bus 
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Table 1: comparison of proposed method (graph theoretic procedure) with previous methods for optimal 

               placement of PMU on IEEE 14 – Bus Network. 

Network Method Number of PMUs Bus Location of 

PMUs 

IEEE 14-Bus 

Network 

Proposed Method                5             1,4,6,10,14  

 Depth first Algorithm                 6              1,4,6,8,10,14  

 Genetic Algorithm  

          (GA) 

                 4                 2,7,10,13 

 Integer Linear 

Programming (ILP) 

                 4                    2,6,7,9 

  Artificial Bee Colony 

(ABC) Algorithm 

                  4                   2,7,11,13 

 

Table 2: PMUs Bus location using Proposed Method on IEEE 33-Bus network 

Network        Method Number of PMUs Bus Location of PMUs 

IEEE 33 – Bus  

Network 

Proposed Method              14 1,3,6,9,11,13,15,17,19,21, 

          24,28,30,32. 

 

Conclusion 

This research work explores the capability of graph theoretic procedure method to optimally site PMU on 

electric power network with the PMUs voltage magnitude and phase angle measurement in real-time. This 

method was tested on IEEE 14- Bus and IEEE 33- Bus network. For IEEE 14-Bus network, 5 PMUs was 

installed on the network and was able to observe the whole network while 14 PMUs were required to fully 

observed IEEE 33-Bus Network. The PMUs measured voltage magnitude and phase angle were compared 

with the load flow analysis using newton Raphson Method.    
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