
NOVATEUR PUBLICATIONS  

INTERNATIONAL JOURNAL OF INNOVATIONS IN ENGINEERING RESEARCH AND TECHNOLOGY [IJIERT] 

ISSN: 2394-3696 

VOLUME 1, ISSUE 2, Dec.-2014 

1 | P a g e  

INDUCED ORDER STATISTICS AND THEIR CHARACTERIZATION 

FOR BIVARIATE KUMARSWAMY AND BIVARIATE PSEUDO-

KUMARSWAMY DISTRIBUTIONS 
Sarita Singh 

saritasingh80@gmail.com 

 

ABSTRACT 

In this article two Bivariate distributions, namely, Bivariate Kumarswamy Distribution and Bivariate 

Pseudo-Kumaraswamy Distributions, as were derived from univariate Kumaraswamy Distribution and 

Pseudo-Kumaraswamy Distributions, have been considered. Using these Bivariate Distributions Induced 

Order Statistics have been obtained. Further, the probability density function of a single and joint induced 

statistics have been derived and to characterize them their moments and Entropy for  order statistics have 

also been obtained. 

 

Keywords: Induced Order Statistics, Bivariate Kumarswamy Distribution and Bivariate Pseudo-

Kumaraswamy Distributions, Entropy for  order statistics. 

 

1.  INTRODUCTION 

In the present article is motivated by the work of Morgenstern(1956) and the techniques proposed by him 

have been used to developed some bivariate distribution they have also used the techniques of Filus and 

Filus(2001, 2006) to develop Pseudo Bivariate distributions. 

In the present paper, by extending the work of Anjum Ara Begum(1998), Saman Hanif(2007), new bivariate 

distributions, namely, Bivariate Kumarswamy distribution and Pseudo-Kumarswamy Distribution have been 

derived from univariate Kumarswamy Distribution and Pseudo-Kumarswamy Distribution using the concept 

given by Mongestern (1956). These bivariate Kumarswamy distribution and Pseudo-Kumarswamy 

Distribution are then considered to obtain the Induced (concomitants) order statistics.  

 

2. CHARACTERIZATION OF KUMARASWAMY DISTRIBUTION AND BIVARIATE 

KUMARASWAMY DISTRIBUTION 

The probability density function and cumulative distribution function of Kumaraswamy's  double  

bounded distribution is given as follows:  

    
1

1, , 1
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a af x a b ab x x
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                 a>0, b>0; 0 x 1     ……..(2.1) 

The cumulative distribution function of above  is given by. 
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 Also the hazard rate function say h(x)  given by 
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Characteristics of the model:  

Mean : The arithmetic mean for the Kumaraswamy  distribution can be         obtained as: 
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Variance:  The   variance of the  Kumaraswamy   distribution can be obtained as: 

http://en.wikipedia.org/wiki/Probability_density_function
http://en.wikipedia.org/wiki/Cumulative_distribution_function


NOVATEUR PUBLICATIONS  

INTERNATIONAL JOURNAL OF INNOVATIONS IN ENGINEERING RESEARCH AND TECHNOLOGY [IJIERT] 

ISSN: 2394-3696 

VOLUME 1, ISSUE 2, Dec.-2014 

2 | P a g e  

       
22V X E X E X 

2

2 / 1 1 1/

2 1
1 1

b a b b a b

b b
a a

 
  
  
 

    
 

 

Median: The median of the Kumaraswamy distribution can be obtained as: 
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rth Moment about origin: 

 In order to characterize the model completely we  can obtain the raw moments as follows: 
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Now on putting r= 1,2,3…the raw moments for Kumaraswamy distribution is obtained. 

Bivariate Kumaraswamy distribution: 

       A bivariate distribution is developed by using the concept of Mongestern(1956) as follows:  

                                       , 1 1 1F x y F x F y F x F y                 …(2.2)  

        Let X and Y   follows  Kumaraswamy univariate distribution with pdf given in eq. (2.1) and Let take 

=-1 in eq. (2.2) 

            
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 The pdf of the bivariate Kumaraswamy distribution will be. 
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The conditional p.d.f of X given Y is 
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          The conditional p.d.f of Y given X is: 
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3. PROBABILITY DENSITY FUNCTION OF INDUCED (CONCOMITANTS) ORDER 

STATISTICS: 

In this section density function of Order Statistics and their concomitants have been obtained. For bivariate 

Kumaraswamy distribution the pdf of the rth order statistics can be obtained as:  
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 For r=1 the pdf of the first order statistics  
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 For r=n the probability of n order statistics 
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 The probability density function of the nth concomitant of the order statistic for r=n, can be obtained 

as 
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 The Probability density function y(n:n)i.e. rth concomitants of the order statistic will be 
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We can obtain the probability density function of  first  concomitant of the  order statistic by putting 

r=1,(3.5) as follows. 
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Moment of y(n:n): 

Now we will derive the  expression for kth moment of y(n:n) k=0, 1,2----n. 
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 And the expression for kth moments of y[n:n] is been calculated as: 
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4. MOMENT GENERATING FUNCTION AND CUMULANT GENERATING FUNCTION OF 

y(n:n): 

Moment Generating Function of y(n:n) is given by. 
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5.   JOINT DISTRIBUTION OF TWO CONCOMITANTS Y(r:n)
 & Y(s:n): 

The joint p.d.f of Yr:n & Ys:n  is  given by 
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             ……..(5.1) 

 For the bivariate  Kumaraswamy  distribution with pdf the joint p.d.f of Xr:n & Xs:n  is given by  
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Putting eq. (5.2) in eq. (5.3) is  
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b b k r j b b k r j
a a a a a ay y x y y x

k r j k r j

       
     

 
     


 

 
 

 

 
 

 
 

2 1 1 2 1
1 1 1

2 2 2 2 2 21 1 2 1

1 1

b b b
a a a a a ay y y y y y

n r k r k n r k n

  
      

  
        
 

…(5.4) 

 

6.   BIVARIATE PSEUDO – KUMARASWAMY DISTRIBUTION 

Consider a random variable x has a two parameter Kumaraswamy with parameters a, b. The density function 

of random variable x is: 

    
1

1

1 1 0 1; , 0
b

a ag x ab x x x a b


      …(6.1) 

The bivariate pseudo- Kumaraswamy distribution. The density function of the distribution is given as: 

     1 2 2, / , , 0;

0 , , 1

g x y g x g y x a b

x y

   

 

 

           
 2

1 1

11 11

1 2 1 1
xb x xa ax x ab x x y y


 

 
     …(6.2) 

Induced Order Statistics from Bivariate Pseudo-Kumaraswamy Distribution 

To find the concomitants of order statistics for bivariate pseudo-Kumaraswamy distribution consider the 

density function of bivariate pseudo – Kumaraswamy distribution as: 
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            
 2

1 1

11 11

1 2, 1 1
xb x xa ag x y x x ab x x y y


 

 
     

Now the distribution of the first concomitants is given as: 

       1:1:
/ nn

g y g y x g x dx   …(6.3) 

The conditional density of y given x is 

          
 2

1 1

1
1

2 1 2/ 1
x

x x
g y x x x y y


 

 



   

Now to find the distribution given in (6.3) the distribution of the first order statistics  for random variable x 

is obtained as under. 

   
1

1

1
0

1
x b

a aG x ab x x dx


   1 1
b

ax    

Now to obtain density function of first order statistics let we obtain density function of rth order statistics  

  
   

     
1

:

!
1

1 !

r n r

r n

n
g x f x f x f x

r n r

 

        
 

      
 1

1
1

: 1 1 1
r

b b n r b
a a a

r nC ab x x x


  
     …(6.4) 

          On putting, r=1 the pdf of the first order statistics 

     
 1 1

1 1
1

1: 1: 1 1 1
b b n b

a a a

n ng C ab x x x


  
     

1
1

1: 1
bn

a a

nC ab x x


   

            Now the distribution of the first concomitants is given as: 

 
       

1

2 1:1: 0
/ nn

g y g y x g x dx   

    21 1 1
1 1

2 1:
0

1 1
nb

a a

ny y C ab x x dx


    
 

 

    …(6.5) 

Considering  =2 and =1 the distribution of the first concomitants 

   
1

1

1:

0

2
1 1

j

nb
nb j

n C

j

yb
C nb

nb j


 



  


  …(6.6) 

Considering  =1 and =2 the distribution of the first concomitants 

     21 1 1
1 1

1: 2 1:
0

1 1
nb

a a

n ng y y y C ab x x dx


    
 

 

    

 
 1

1

1:

0

2 1
1 1

j

nb
nb j

n C

j

y b
C nb

nb j


 




  


  …(6.7) 

The distribution of rth concomitant of order statistics for bivariate pseudo Kumaraswamy distribution will be 

       
 1

1 1

1::
1 0

1 2 1
1 1 1

j

n nb
i n r nb j

n Cr n
i n r j

i n y b
g y C nb

n r i nb j


    

   

     
       

      
    …(6.8) 

It can be further verified that (6.8) is pool density function. 

Moments of Induced Order Statistics          

In this section, moments of the concomitants of order statistics has been obtained. For this, consider the 

general expression for calculation of moments of any random variable as: 

 
     1: 1:0

k k

n n
µ y g y dy



   …(6.8) 

 Now using the density (6.6) in (6.8), the kth moment of first concomitant is given as 

    
 11 1

1:1: 0
0

2 1
1 1

j

nb
nb jk k

n Cn
j

y b
µ y C nb dy

nb j


 




  


  

  
1

1

1:

0

2 1 1
1 1

1 2j

nb
nb j

n C

j

b
C nb

nb j k k


 



 
       

  ...(6.9) 

 Now using the relation given by David and Nagaraja,the kth moment of rth  concomitant is given as 
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     

1
1 1

1::
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1
1 1

n nb
n r i nb jk

nr n
i n r j

i n
µ C
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
    

   

    
     

    
   

  
2 1 1

1
1 2jC

b
nb

nb j k k

 
      

 …(6.10) 

Now (6.9) and (6.10) can be used to find mean and variance of first and rth concomitants for bivariate 

Pseudo- kumaraswamy  distribution. 

Joint Distribution of y(r:n) and y(s:n)  

In the present section,the joint distribution of rth and sth concomitant has been obtained for this consider e 

expression to obtain the joint distribution of rth and sth concomitant: 
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7.  SHANNON ENTROPY FOR rth ORDER STATISTICS IN KUMARASWAMY DISTRIBUTION: 

The shannon entropy for a continuous random variable x with p.d.f fx (x) is defind as: 

      x xH x f x Inf x dx



        …(7.1) 

 The distribution function the p.d.f. of the rth order statistics is.  

      
1
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0

r n r nH x f x Inf x dx    …(7.2) 
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8.  CONCLUSIONS 

Therefore, in this research article bivariate distributions named as Kumaraswamy Bivariate distribution and 

Bivariate Pseudo Kumaraswamy distribution on the lines of Mongestern (1956) have been successfully 

derived. The distribution of order statistics and their concomitants have been obtained for these distributions. 

For the purpose of characterization of the distributions, the moments of concomitants of order statistics have 

been also obtained. Further, Shannon Entropy for rth order statistics for Kumaraswamy distributions has 

been obtained.  
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