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ABSTRACT

Study of multi objective optimization takes a major contribution in the field of research
activities widely by the researchers due to the conflicting nature of ob- jectives.various works
have been progressed to find details about pareto optimal solution.In continuation to this,
researchers developed so many algorithms for more details about this work.Keeping inspired
by Genetic algorithm, authors intend to show the consequences of pareto optimality of multi
objective problems. Due to the volatile nature of decision maker, the concept of Fuzzy
optimization has been introduced in correlating with the theory of optimization using several
objectives. Here, authors discuss the result of pareto optimality under the influence of fuzzy
parameters in terms of Rank,Diversity and Pareto efficiency. Different case studies have been
analysed for more details about study of pareto optimality and it’s effects in involvement of
fuzzy parameters.

Keywords: Multi-objective Non Linear programming problem; Pareto Optimality; Rank and
Diversity.

. INTRODUCTION.

As per the literature review, we find the involvement of optimization with several
objectives in various problems related to engineering, indus- try and other fields like
agriculture.lt has been widely spread due to the interesting property of conflicting
objectives in incomparable units. Im- provement of one objective depends on the worst
performance of other objectives which is basically the concept of multi objective
optimization problems.For an example ,while purchasing a car our main concerns are cost
and comfortability.We want the cost is to be minimum with maxi- mum comfortability.

In comparing with single objective optimization,we find a single opti- mal solution in
detecting between pair of solutions.In case of multi objec- tive optimization, it is a difficult
task to find the best among all possible solutions. The concept of pareto dominance relation is
introduced to compare in between the solutions. Several research works have been done
and still the research is going on to find the best method.As per initiation this method
somehow helps in detecting non-dominated solu- tions by finding possible trade-off between

objectives. In multi objective optimization mainly we have two concerns.

+ To find multiple solutions for converging towards optimality.
+ For choosing best solution by correlating judgement of decisionmaker.

In continuation with this by detecting pareto optimal solutions and to overcome
difficulties,weighted sum method has been introduced to pro- duce set of multiple solutions
by choosing the weights significantly.By Marler and Arora in 2004, there are variety
approaches to determine weights consistently.Still this process was a benchmark for obtaining
best optimal solution in choosing significant value of weights.

Despite the limitation of this method researchers started studying to find the best
solution and introduced Genetic algorithm approach by Hol-land[32] and his colleagues in
the year 1960. As per terminology Genetic algorithm deals with evolutionary approach
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where solution vector x € Xis called an individual or a chromosome. Using the process of
encoding of

genes over a random population we can able to say the best optimal so- lution approximately
in dealing with non dominated solutions in pareto front by the theory of Rank and diversity.
Using crowding or cluster- ing distance approach, we can able to detect the spreading of
solution points in a certain neighbourhood, which causes more clarity towards the best
optimal solutions. Maintaining diversity in population is an im- portant aspect in multi-
objective GA for obtaining best among optimal solutions. In case of several objective
functions, it is a very difficult task for the decision maker to maintain the aspiration level.
If wi(Zi(x*)) = 1 for some j, then we say x* would be the optimal solution or the goal is
achieved. Under the influence of Fuzzy parameter, it is observed thatin some cases
fuzzy efficiency imply pareto-optimality. Depending upon the degree of satisfaction level
as one, we must observe a coherent re- lationship between fuzzy efficiency and pareto
efficiency. Dealing with fuzzy parameter in optimization, fuzzy multi-objective non linear
pro- gramming (FMONLP) problem was introduced with a view of restoring decisions for
best optimal solutions. In order to change to Crisp problem the process of
defuzzification[30] was introduced.

The paper is comprised of following sections as follows.Section-1 de- scribes introduction.
In section-2 and 3, we mention notations and pre- liminaries.In section-4, we analyse the
pareto optimality ,rank,diversity of the optimal solutions and check fuzzy efficiency of
multi objective non linear programming proble( MONLPP).In section-5, we perform a
comparative study based on observation.In section-6, we describe the conclusion.

. NOTATIONS AND PRELIMINARIES

.1. NOTATIONS. z! < areto 22 : Vector z! Pareto-dominates vector z%f(x) <pareto f(x*) :
Solution x* € X is Pareto Optimal

f(x) < f(x*) : Solution x* € X is weakly Pareto optimal

x3 :Decision variable x3 :Decision variable w; :Weight function

wz :Weight function

A,B,C,D,E,F,G,H,l,J : Solution to the multi objective problem

L1 : Bound with lower value U: : Bound with upper valuel,; :Bound with lower value U, :
Bound with upper value

Z; :Value of 1st objective function for different x; ,x

Z; : Value of 2nd objective function for different x1 ,x2

pz;(x) :Significant value corresponds to Z;
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Uz (x) :Significant value corresponds to Z;

Z1 :Value of 1st objective function corresponds to fuzzy parameter
Z> :Value of 2nd objective function corresponds to fuzzy parameter
x1 : Decision variable

x> : Decision variable

F(x) : Linear combination of the objective function with proper weightfunction

. PRELIMINARIES

Pareto Dominance relation. :[31]
We say that the vector z' dominates vector z’,denoted by z' <, uret0
22iffVie 1,2,..,k:z' gz2and i€, .. k: 2t € 22.;
Pareto Optimality:[31]
A solution x* € X is Pareto Optimal if there does not exist anothersolution x € X
such that f(x) <pareto f(x*).
Weak Pareto Optimality:[31]
A solution x* € X is weakly Pareto optimal if there does not existanother
solutionx € X such that f(x) < f(x*) for all i=1,...,k.
Pareto Optimal set:[31]
The Pareto optimal set,P*is defined as:
P=(x € X|$y € X : f(y) < f(x))-
Pareto front:

A curve containing non dominated solutions of same rank.Fuzzy-efficient:[2]

A decision plan x° € X is said to be a fuzzy-efficient solution to the

FMONLP if and only if $ another y € X such that ui(Z(y)) = ui(Zi(x°))forall i and ui(Zi(y)) >
ui(Zi(x°)) for at least one j.

Defuzzification of PIFN:[30]

Lt UP! = (uy, ua, us, us, us; ut, ut, u*, u', u') be a PIFN. The crisp real
e
1 2 3 4 5

number for the belongingness function u;r: is denoted by D(u;rr) and is defined by
D(ugrr) = *(u1 + 3u2 +us + 3us + us). Similarly, the crisp real number for the non-
belongingness function v;r; is denoted by D(v;rr)

and is defined by D(v-p;) = 1(u! + 3u* + u* + 3u + u'). Now, the crisp
U 9 1 2 3 4 5

real UP’! can obtained taking the average of the crisp value of
value of

the belongingness function and non-belongingness function. For that

we defined a ranking function UP! denoted by r(UP’) and defined
of
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by I(UP') = 1(D(uger) + D(vger))
=21 ((u1+3uz+us+3us+us)+ (ur +3ut + ut + 3ut + u?))
18 1 2 3 4 5

Pareto
Efficiency:

Fuzzy efficient solution is pareto effcient.The value of the membership function is one
with highest accuracy.But sometimes if it is lesser thanone ,then fuzzy efficiency may
converge to pareto efficiency.

. DETAILED ANALYSIS

ANALYSIS-1. Here, we dealwith multiobjective nonlinear program-ming problem and the
detail process is comprising of following steps.

Step-1:Reduce to single objective problem by using Weighted summethod.
Step-2:Using the cocept of convexity/concavity of solutions, we obtainthe value of x;
and x; in terms of weights.
Step-3:Using the principle wi + w, = 1,we posses different values of x;
and x; in relevant to the domain [0,1] of the weights.
Step-4:We find the pareto frontier corresponds to the solution pointwith the analysis of
rank and diversity.
EXAMPLE-1

MinZy =2x1 + X2.x1.MlinZ> =2x2.

5.t 3x1 +Xx2 = 34x1+3x2 = 6 2
0=<x1=1
—2=<x =<2
Solution : F(x) =w1(2x1 + X2.X1) 4 w2(2x?)

=2W1X1 + WiX2.X1 + 2W2X35

o = 2w1 + W2 = wixi + 4woxo
F OoF

L ’

e}

X

1 ox2

Let-°f =0

1 ox

i,e 2wy + wixa=0................ (1)
OF —

Ox2 =0

i,e wixi +4waxz =0............... (2)
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TABLE 1. values of objective functions

a(wi) X3 X3 Fi1 F>
0.1 72 -1.6 28.8 5.12
0.2 32 -1.2 25.6 2.88
0.3 18.67 -0.8 22.4 1.28
0.4 12 -0.4 19.2 0.32
0.5 8 0 16 0
0.6 5.33 0.4 12.8 0.32
0.7 3.43 0.8 9.6 1.28
0.8 2 1.2 6.4 2.88
0.9 0.89 1.6 3.2 5.12
1.0 0 2 0 8

from equation-1 and equation-2

W1(2 +X2) =0 S2WiXxy + Awox, =0

x5 =—2 ,x; = 8—"‘"2N1

Using different value of x; and x; ,we get corresponding value of objective functions as
mentioned in the above table.

Observation 4.1. RANK

Using Dominance Rank method if we draw a rectangle taking one of the nodeas point A in
the left most side towards origin ,we find there is no solution in the rectangle that means there is
no solution dominates A as a result we obtain rank corresponds to the solution A is one (i.e 0+1).
In this manner we get the rank of the solution from A to F is one.

At solution G, if we draw the rectangle in the left most side we find two solutionsE and F lie in
that rectangle as a result we obtained rank of the solution G is two.
similarly H has rank four,l has rank 6 ,J has rank 8

Hence the solution space containing points A,B,C,D,E,F yields Pareto Frontier inthe figure

mentioned below.

DIVERSITY

In the figure mentioned below for detection of diversity, we use method of crowding or clustering
approach.As per the method, if we draw a rectangle joining the neigh- bouring points of B i.e (A
and C)in compare to the rectangle joining the neighbouring points of E i.e(D and F),we observe
the diversity of the solution at point B is more than the diversity of the solution at point E .

In this manner we check the diversity of solutions at different points.
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F2

FIGURE 1. Detection of Paretofrontier .

Hence, we conclude that diversity of the solution in Pareto Frontier is more signif-icant than the

diversity of the solution at the point which are not in Pareto Frontier.

F2
»

FIGURE 2. Detection of diversity .

ANALYSIS-2. Here, we dealwith multiobjective nonlinear program- ming problem under
fuzzy environment and the detail process is com- prising of following steps.
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EXAMPLE-2

MinZ, =2x1 + x2.x1MlinZ> =2x>

S.t 3x1+x2=34x1 +3x2 = 6 2
0<x1 <1

—2=<x <2

Solution:
Consider each objective function with respect to all constraints at atime and
solving
For the 1st objective function the ideal solution is found
x1=0.3333 ; x,=2.0000 ; 7,=1.3333
For the 2nd objective function the ideal solution is found
x1=0.6000 ; x,=1.2000 ; Z,=2.8800
A Pay-off matrix is formulated as

X1 X2 zZ3 zZ;
0.3333 2.0000 1.3332 8.0000
0.6000 1.2000 1.9200 2.8800

Let L, and U; are lower and upper bounds of Zj, L, and U, are lower and upper bounds
of Z,*.

From Pay-off matrix , we found

L1=1.3332, U; =1.9200, L, =2.8800, U, =8.0000.

The membership functions of the objectives Z;, Z; are defined as:

0, if Z1%(x) < 1.3332;
fELR)=H-3332) (1.92)t-(1.3332)¢ + If 1.3332 < Z;(x) < 1.92;

1, if Zi+(x) > 1.92.

0, if Z2*(x) < 2.88;

(22 %(x))t-(2.88)t

UZ2 % (x) = (8.00)t-(2.88)t , if 2.88 < Z2 (x) < 8.00;
1, if Z2x(x) > 8.00.
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By Zimmermann’s approach the above problem reduces to

Max A
Subject to pu,(Z1(x)) = A, uu,(Z;(x)) = A
3x1+x2 =3
4x; +3x2 = 6
0=x1=1

—2<x<2

After simplifying with the help of membership functions, we have

Max A

Subject to (2x1 + xwx2)t — (1.3332)t > A(1.92)! — (1.3332)f (2x3)t — (2.88) > A(8.00)¢ — (2.88)"

2 3x1+x2=3

case-1 For t=0.25,we have

Max A
Subject to (2x1 + x1x2)*%> — (1.3332)%% > A(1.92)%2° — (1.3332)%25(2x*)*%> — (2.88)%% > A(8.00)%%
2 — (2.88)*%
3x1+x2=3
4x; +3x2 = 6
0<x1=1

—ZSX2S2

The optimal solution we obtain as:
x1 = 0.4543, x, = 1.6372,A = 0.5775
Z, = 1.6524, Z, = 5.3608

case-2 For t=0.5 ,we have
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Max A
Subject to (2x1 + x1x2)%> — (1.3332)%5 > A(1.92)%° — (1.3332)%5(2x?)%> — (2.88)%°> > A(8.00)°° —

0.5
5 (2.88)

3x1+x2 =3

4x1 +3x2 = 6

The respective solution is:
x1 =0.4517, x, = 1.6450, A = 0.5562
Z1 =1.6464,7, = 5.41205
case-3 For t=1,we have
Max A
Subject to (2x1 + x1x2) — (1.3332) > A(1.92) — (1.3332) (2x%) — (2.88) = A(8.00) — (2.88)

3x1+x2=3 2
4x1 +3x; = 6
0< X1 < 1
—2< X2 < 2
The corresponding solution is :
x1 = 0.4467, x, = 1.6600,A = 0.5139
Z, =1.6349,7, = 5.5112
case-4 For t=1.5,we have
Max A

Subject to (2x1 + x1x2)> — (1.3332)5 > A(1.92)%° — (1.3332)35(2x?)> — (2.88)1°> > A(8.00)*° —

15
5 (2.88)

3x1+Xx2=3
4x1 +3x2, = 6

0<x1 <1
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Which results the optimal solution as:
x1=0.4420,x, =1.6741,A = 0.4726

Z, =1.6254, 7, = 5.6052

case-5 For t=2,we have

Max A

Subject to (2x1 + x1x2)*> — (1.3332)* > A(1.92)% — (1.3332)% (2x?)* — (2.88)> = A(8.00)* — (2.88)?
3x1+x2 =3 2
4x, +3x2 = 6

0<x1 <1

The solution is :
x1 =0.4376, x> = 1.6871,A = 0.4328
Z1 = 1.6135,7, = 5.6926

case-6 For t=2.25,we have

Max A

Subject to (2x1 + x1x2)*?° — (1.3332)%%° > A(1.92)*2° — (1.3332)*25(2x?)>%° — (2.88)*>% > A(8.00)*%*
2 — (2.88)**
3x1+x2=3
4x; +3x, = 6
0<x1 =1

—2<x, <2

The solution is obtained as:
x1 = 0.4356, x, = 1.6931,A = 0.4137
Z1 = 1.6087,27, = 5.7332
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case-7 For t=2.5,we have

Max A

Subject to (2x1 + x1x2)>> — (1.3332)%° > A(1.92)*° — (1.3332)%°

(2x%)>° — (2.88)%3 > A(8.00)*° — (2.88)>°

X2 =3

The solution is obtained as:
x1 =0.4337, x, = 1.6988,A = 0.3952
Z1 =1.6043,27, = 5.7718

case-8 For t=3,we have

Max A

2.25

— (2.88)>% = A(8.00)**> —

(2.88)%2° 3x; +

Subject to (2x1 + x1x2)® — (1.3332)% > A(1.92)° — (1.3332)3 (2x?)® — (2.88)® > A(8.00)% — (2.88)3

3x1+x2 =3 2

4x1 +3x2 = 6

0<x1 <1

—2<x <2

The solution is obtained as:

x1 = 0.4302, x, = 1.7093, A = 0.3599
Z1 = 1.5957,7, = 5.8434

case-9 For t=3.25,we have

Max A

Subject to (2x1 + x1x2)>%5 — (1.3332)325 > A(1.92)25 — (1.3332)325(2x2)>25 — (2.88)3% > A(8.00)>%

2 — (2.88)3%

3x1+x2 =3

4x, +3x2, = 6
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The solution is obtained as:
x1=0.4286,x; =1.7141,A = 0.3432
Z, =1.5919, 7, = 5.8763

case-10 For t=3.5,we have

Max A

Subject to (2x1 + x1x2)>° — (1.3332)>° > A(1.92)>° — (1.3332)>5(2x2)>° — (2.88)>° > A(8.00)%5 —

3.5
5 (2.88)

3x1+x2 =3

4x; +3x, = 6

0=x1=1

—2=<x, <2

The solution is obtained as:

x1 =0.4271, x, = 1.7186, A = 0.3272

Z1 =1.5882,7, = 5.9072
case-11 For t=4,we have

Max A

Subject to (2x1 + x1x2)* — (1.3332)* > A(1.92)* — (1.3332)* (2x2)* — (2.88)* > A(8.00)* — (2.88)*

3x1+x2=3 2
4x, +3x2 = 6

0<x1 =1

—2=<x =2

The solution is :
x1 =0.4244, x, = 1.7268,A = 0.2971
Z1 =1.5817,27, = 5.9637

Observation 4.2.
RANK

The figure-3 is shown below computes the rank of all solutions. By following method cited above in

observation-1 we get rank of all solutions is one since none of the solution is dominated by others. The

curve containing all solutions is the pareto
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TABLE 2. Value of objective function for different values of t frontier.

t Z1 Z
0.25 1.6524 5.3608
0.5 1.6464 5.4121
1 1.6349 5.5112
1.5 1.6254 5.6052
2 1.6135 5.6926
2.25 1.6087 5.7332
2.5 1.6043 5.7718
3 1.5957 5.8434
3.25 1.5919 5.8763
3.5 1.5882 5.9072
4q 1.5817 5.9637
QA B
59 “‘C n
58 \\\‘.E E
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FIGURE 3. Detection of Pareto frontier.
DIVERSITY

In the figure-4 mentioned below for detection of diversity, we use method of crowd-ing or clustering

approach.As per the method, if we draw a rectangle joining the neighbouring points of B i.e (A and

C)in compare to the rectangle joining the neigh- bouring points of E i.e(D and F),we observe the

diversity of the solution at point Eis more than the diversity of the solution at point B .

In this maner we check the diversity of solutions at different points.

Herewith we conclude that diversity at the solution points G ,H ,I J are having more diversity in

compare to other solution points. This happens due to existence and degree of membership

functions.

F2

59

58

56

55

54

158 159 160 161 162 163 164 165

F1

FIGURE 4. Detection of diversity .
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CONVERGENCE TO PARETO EFFICIENCY

For t=0.25 , Z; = 1.6524, Z, = 5.3608,1iz; (x) = 0.5778,juz; (x) = 0.5774 For t=0.5 , Z1 = 1.6464, Z, =
5.4121,uz; (x) = 0.5563, 1z (x) = 0.5563 For t=1, Z1 = 1.6349, Z, = 5.5112,juz;(x) = 0.5141,puz5(x) =
0.5139 For t=1.5 , Z1 = 1.6254, Z, = 5.6052,jiz; (x) = 0.4753,uz;(x) = 0.4723 For t=2 , Z; = 1.6135,
Z, = 5.6926,uz; (x) = 0.4327,1uz; (x) = 0.4328

and so on.

ANALYSIS-3. Here, we deal with multi objective non linear pro- gramming problem with
fuzzy coefficients and the detail process is com-prising of following steps.
Step-1:By using defuzzification, we change the given problem to crispproblem.
Step-2: Use weighted sum method, reduce to a single objective prob-lem.
Step-3:Using the concept of convexity/concavity of solutions, we obtainthe value of x;
and x; in terms of weights.
Step-4:Using the principle w; + wi; = 1, we posses different values of x;
and x.in relevant to the domain [0,1] of the weights.
Step-5:We find the pareto frontier corresponds to the solution pointwith the analysis of

rank and diversity.

EXAMPLE-3
MinZ, = 2x1 + 1x2.x1
MinZ, = 2x?
s.t §x1 + ixZ =3

Gx,+3x, > 6

0<x;<1

“2<x,<2

Solution:

Where 0 = (0.1, 0.2, 0.5,0.4,0.7;0.2, 0.3, 0.6, 0.5, 0.9)

1=1(0.4,0.6,1,1.3,1.7;0.7,0.8, 1, 1.4, 2.7)

2 =(0.6,1.9,2,3,3.1;1.3,1.8,2,3.5,3.6)
3=1(1.1,2.2,3,4,4.3;1.5,2.4,3,4.1,4.8)
4=(2.1,3.1,4,4.9,54;2.2,3.2,4,5.8,6.9)
6=1(4,56,78;3,46,89)

~2=(-5-3,-2-1,2-5-4-2-13)
After converted to crisp by the rule of defuzzification,we get

MinZy =2.4x1 + 1.1x2.x1
MinZ, =2.4x? 5

s.t3.1x1+1.1x, =3.14.2x: +3.1x2 = 6

By Weighted sum method

F(x) =w1(2.4x1 + 1.1x2.x1) + w2(2.4x?) "
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= 2.4wix1 + 1. 1wixz.x1 + 2.4wox?

2

5 = 2.4w; + 1.1w1x> = 1.1wix1 + 4.8wrx>
F , oF
Ox
1 ox2
Let-°f =0
1 ox
i,e 2.4wi+ 1L.1wixz =0......cceeeenees (1)

OF _—
2Let— —dXO
i,e 1.1wix: + 4.8wox, =0............... (2)

From equation-1

wi(2.4+1.1x3) =0

x5 = -2.18

126 |Page



Proceedings of “National Conference on Recent Trends in Science and Advances in Engineering”

Organized by Fabtech Technical Campus, College of Engineering & Research, Sangola
International Journal of Innovations in Engineering Research and Technology [IJIERT]
ISSN: 2394-3696, Website: www.ijiert.org, June, 2022

a(wi)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

*

X1
85.59
38.04
22.19
14.27
9.51
6.34
4.08
2.38
1.06

0

X3
-1.56
-1.12
-0.68
-0.24

0.2
0.64
1.08
1.52
1.96

24

F1
58.54
44.43
36.66
30.48
24.92
19.68
14.64

9.69
4.83

F>
5.84
3.01
1.11
0.14

0.1
0.98
2.80
5.54
9.22

13.82

TABLE 3. Values of objective functions

From equation-2

1.1wix1 +4.8wyx, =0

w
x* =9.51—2
1

Observation 4.3.
RANK

In this figure-5, using Dominance Rank Method as mentioned in analysis-1,we obtain the rank

of solution points A,B,C,D,E,F,G is one.But H has rank 3,1 hasrank 5,j has rank 7.

DIVERSITY

In this figure-6, using the concept of crowding or clustering approach as mentionedin analysis-1,we

obtain B has more diversity than E.

ANALYSIS-4. Here, we deal with multi objective non linear pro- gramming problem with

fuzzy coefficients and the Process of defuzzifica-tion.

EXAMPLE-4
Minz, = §X1 + in.Xl
MinZ, = 2x?

s.t §x1 + ixZ =3

[N}
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FIGURE 6. Detection of diversity .

lel + §X2 >6

0<x;<1

2<x,<2

Solution:

Where 0 = (0.1, 0.2, 0.5,0.4,0.7;0.2, 0.3, 0.6, 0.5, 0.9)
1=(0.4,0.61,1.3,1.7;0.7,0.8,1,1.4,2.7)
=(0.6,1.9,2,3,3.1;1.3,1.8,2,3.5,3.6)
=1(1.1,2.2,3,4,4.3;1.5,2.4,3,4.1,4.8)
=(2.1,3.1,4,4.9,5.4;2.2,3.2,4,5.8,6.9)
=(4,5,6,7,8;3,4,6,8,9)
—"2=(=5-3-2,-1,2,-5 -4 -2, —1,3)

After converted to crisp by the rule of defuzzification,we get

N Py WL N
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MinZ, = 2.4x1 + 1.1x1x>

MinZ, = 2.4x*>

s.t 3.1x1 +1.1x, =3.14.2x: +3.1x2 = 6

04<x1 <11

—2=<x; 524

Consider each objective function with respect to all constraints at a timeand solving.
Using first objective function, the respective solution is

x1 = 0.4000 x,=1.6909 Z;=1.7040
Using second objective function the respective solution is
x1=0.6032 x,=1.1182 Z;=3.0011

X1 X2 zZ3 zZ;
0.4000 1.6909 2.1896 3.0009
0.6032 1.1182 1.7040 6.8619

Let L, and U; are bounds with lower value and upper value of Z;, L, and
U, are bounds with lower value and upper value of Z;. From Table 1, we found
L1 =1.7040, U, =2.1896, L, =3.0009, U, =6.8619.

Corresponding membership functions for Zj, Z; are defined as:

0, if Z:*(x) < 1.7040;
fEL(AR) = 7040) (2.1896)t-(L70a)t, 1T 1.7040 < Z;(x) =< 2.1896;

"1, if Zi*(x) > 2.1896.

0, if Z,*(x) < 3.0009;
fE2{xR)=-0009) (6.8619)t-(3.0000)t, 1T 3.0009 < Z,(x) =< 6.8619;

"1, if Zx*(x) > 6.8619 .
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By Zimmermann’s approach the above problem reduces to

Max A
Subject to pu,(Z1(x)) = A, uu,(Z;(x)) = A
3.1x; +1.1x; = 3.1
4.2x1+3.1x2 = 6
04<x1 <11

—2=<x=<24

After simplifying with the help of membership functions, we have

Max A

Subject to (2.4x: + 1.1xwx2)t — (1.7040) > A(2.1896)" — (1.7040)! (2.4x%)! — (3.0009) > A(6.8619) —
(3.0009)*
3.1x: +1.1x, =3.1

2

4.2x1+3.1x, = 6
04<x1<1.1

—2=<x; 524
case-1 For t=0.25,we have

Max A
Subject to (2.4x1 + 1.1x1x2)%% — (1.7040)%2> > A(2.1896)%2° — (1.7040)%25(2.4x%)%2°> — (3.0009)%% >

2 A(6.8619)%%> — (3.0009)%2°
3.1x; +1.1x, = 3.1

4.2x1+3.1x2 = 6
04<x1<1.1

—2<x <24

Which results the solution as: x; = 0.4951, x, = 1.4229,A = O.557421 = 1.9632, 22 = 4.6361
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case-2 For t=0.5,we have

Max A

Subject to (2.4x1 + 1.1x1x5)>° — (1.7040)%° > A(2.1896)*° — (1.7040)*>(2.4x*)*> — (3.0009)%> >

2 A(6.8619)%> — (3.0009)°>
3.1 +1.1x2 = 3.1

4.2x1+3.1x, = 6
04<x; <11

—2=<x <24

Now the solution is:
x1 =0.4934, x, = 1.4278, A = 0.5406
Z1 = 1.9591, 7, = 4.8926

case-3 For t=1,we have

Max A

Subject to (2.4x1 + 1.1x1x2) — (1.7040) > A(2.1896) — (1.7040) (2.4x%) — (3.0009) > A(6.8619) — (3.0009)
3.1x;1+1.1x, = 3.1 2

4.2x1+3.1x, = 6

04<x <11

—2<x<24

It yields the solution as:
x1 = 0.4899, x, = 1.4376,A = 0.5074
Z1 = 1.9505, Z> = 4.9601
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t Z1 Z2
(0] 1.9 4.6
. 63 36
2 2 1
5
(0] 1.9 4.8
. 59 92
5 1 6
1 1.9 4.9
50 60
5 1
1 1.9 5.0
. 42 25
5 0 1
2 1.9 5.0
34 87
3 0

TABLE 4. Value of objective function for different value of t

case-4 For t=1.5,we have
Max A

Subject to (2.4x: + 1.1x1x2)™> — (1.7040)*> > A(2.1896)"° — (1.7040)*>(2.4x%)**> — (3.0009)*> >
2 A(6.8619)** — (3.0009)*°
3.1x: +1.1x, = 3.1
4.2x, +3.1x, = 6
04=<x:=<11
—2=<x<24

The solution is obtained as:
x1 = 0.4865, x> = 1.4470, A = 0.4748
Z1 = 1.9420, Z> = 5.0251 case-5 For t=2,we have

Max A
Subject to (2.4x1 + 1.1x1x2)* — (1.7040)% > A(2.1896)% — (1.7040)% (2.4x%)*> — (3.0009)? = A(6.8619)% —

, (3.0009)>

3.1x1 +1.1x, = 3.1

4.2x1+3.1x, = 6
04<x1 <11

—2<x<24
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The solution is herewith:
x1 = 0.4834, x, = 1.4559, A = 0.4431
Z1 = 1.9343, Z> = 5.0870

Observation 4.4.RANKThe figure-7 shown below computes the rank of all solutions. By following
methodcited above in observation-1 we get rank of all solutions is one since none of the solution is
dominated by others. The curve containing all solutions is the pareto frontier.
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I~ \
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a7 \
\ E
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1935 1940 1945 1950 1955 1960

F1

FIGURE 7. Detection of Paretofrontier.

DIVERSITY

In this figure-8 by using the method of clustering and crowding distance as men-tioned above we

obtain, D has more diversity than B.
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FIGURE 8. Detection of diversity.

CONVERGENCE TO PARETO EFFICIENCY
For t=0.25 , Z1 = 1.9632, Z> = 4.6361, uz; (x) = 0.5575,uz; (x) = 0.5001
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For t=0.5 , Z1 = 1.9591, Z, = 4.8926,juz; (x) = 0.5409, uz; (x) = 0.5406 For t=1 , Z; = 1.9505, 2, =
4.9601, pz; (x) = 0.5076,uz; (x) = 0.5074 For t=1.5 , Z1 = 1.9420, Z, = 5.0251,jz; (x) = 0.4745,uz; (x)
= 0.4748 For t=2 , Z, = 1.9343, Z, = 5.0870,uz;(x) = 0.4432, uzs(x) = 0.4431

and so on.

. COMPARATIVE STUDY BASED ON OBSERVATION:

In this work, we have four number of analysis where analysis-1 has a significant relation
with analysis-3, how ever analysis-2 has a significant relation with analysis-4.In the sense
of pareto frontier by comparing fig-1and fig-5, it is found that analysis-1 has more clarity
than analysis-3 but as per expectation we can over come the limitation of pareto frontier
using fuzzy environment as mentioned in analysis-3,this happens due to the limitation of
definition of membership function for which degree of the membership function takes
major in creating clarity towards pareto frontier.Here we deal with pentagonal
intuitionistic fuzzy number.

In the sense of obtaining rank of solutions in pareto frontier, we have more improvement
in analysis-3 associated with fuzzy environment.

In case of diversity, we observe that the diversity of solution B is morein analysis-1 than
analysis-3 also diversity of E is more in analysis-1 than analysis-3.In similar manner, we
compare diversity of all solutions in analysis-1 with analysis-3.It is observed that all
solutions related to analysis-1 have more diversity than analysis-3.This happens due to in-

volvement of fuzzy parameter.
In the sense of having pareto efficiency in analysis-2 and analysis-4, we find maxluzl* (x) -
Uz (x)| for different values of t as 0.0004 and 0.0574. Maintaining the degree of

aspiration level upto 1, we get maximum con-
vergence in analysis-4 due to involvement of fuzzy parameter.

CONCLUSION:

In the whole work, authors focus in the variation and effect of pareto optimality
significantly by the involvement of fuzzy parameters.it is con-cluded from the layout of
whole work that, the pareto frontier with the relevant properties is improved due to
involvement of fuzzy parameter in terms of rank, diversity and pareto efficiency.Iln our
future work, we willhave more studies and results regarding optimality for multi objective

fractional optimization under fuzzy domain.

134 | Page



Proceedings of “National Conference on Recent Trends in Science and Advances in Engineering”
Organized by Fabtech Technical Campus, College of Engineering & Research, Sangola

International Journal of Innovations in Engineering Research and Technology [IJIERT]

ISSN: 2394-3696, Website: www.ijiert.org, June, 2022

REFERENCES

1. Qiqgi Liu, Kuangrong Hao, and Yaochu lJin, Fellow, IEEE, A Survey of Evolutionary Algorithms for Multi-
Objective Optimization Problems With Irregular Pareto Fronts Yicun Hua,l[EEE/CAA JOURNAL OF
AUTOMATICA SINICA, VOL. 8, NO. 2, FEBRUARY 2021,303 .

2.  Mariano Jimenez,Amelia Bilbao, Pareto-Optimal solution in fuzzy multi-objective linear programming,160
(2009) 2714 2721.

3. Ilvan P. Stanimirovic, Milan Lj. Zlatanovic, Marko D. Petkovi,On the linear weighted sum method for multi
objective optimization,Ser. Math. Inform. 26 (2011), 4963
Daniele Peri,Direct Tracking of the Pareto Front of a Multi-Objective Optimization Prob- lem,2020.

Pareto optimal solutions for fractional multi-objective optimization problems using
MATLAB,2018, http//doi.org/10.18280/ama..730303.

Kalyanmoy Deb,Multi-objective optimization using Evolutionary Algorithm.

D. Sahoo b,, A.K. Tripathy a, J.K. Pati b ,Study on multi-objective linear fractional pro- gramming problem
involving pentagonal intuitionistic fuzzy number,. Results in Control and Optimization (2021) 100091,
https://doi.org/10.1016/j.rico.2021.100091.

8. Il Yong Kim* Queens University, Kingston, Ontario, K7L 3N6, Canada Olivier de Weck Mas- sachusetts Institute of
Technology, Cambridge, Massachusetts, 02139, USA, Adaptive Weighted Sum Method for Multiobjective
Optimization.

9. Gulcin Dinc Yalcin, Nihal Erginel,Determining Weights in Multi-Objective Linear Program- ming under
Fuzziness,WCE 2011, July 6 - 8, 2011, London, U.K.

10. R.E. Bellman, L.A. Zadeh, Decision making in a fuzzy environment, Management Science 17 (1970) 141164.

11. D. Dubois, P. Fortemps, Computing improved optimal solutions to maxmin flexible con- straint satisfaction
problems, European Journal of Operational Research 118 (1999) 95126.

12. S.-M. Guu, Y.-K. Wu, Weighted coefficients in two-phase approach for solving the multiple objective
programming problems, Fuzzy Sets and Systems 85 (1997) 45438.

13. S.-M. Guu, Y.-K. Wu, Two phase approach for solving the fuzzy linear programming prob- lems, Fuzzy Sets and
Systems 107 (1999) 191195.

14. M. Inuiguchi, H. Ichihashi, Y. Kume, A solution algorithm for fuzzy linear programming with piecewise linear
membership functions, Fuzzy Sets and Systems 34 (1990) 1531. M. Jim- nez, A. Bilbao / Fuzzy Sets and
Systems 160 (2009) 27142721 2721

15. M. Jimnez, M. Arenas, A. Bilbao, M.V. Rodrguez Ura, Approximate resolution of an imprecise goal programming
model with non linear membership functions, Fuzzy Sets and Sys-tems 150 (2005) 129145.

16. A.S. Masud, C.L. Hwang, Interactive sequential goal programming, Journal of the Opera- tional Research Society
32 (1980) 391400.

17. C. Romero, Handbook of Critical Issues in Goal Programming, Pergamon Press, Oxford, 1991.

18. M. Sakawa, H. Yano, Interactive decision making for multiple non linear programming using augmented
minimax problems, Fuzzy Sets and Systems 20 (1) (1986) 3143.

135|Page



Proceedings of “National Conference on Recent Trends in Science and Advances in Engineering”
Organized by Fabtech Technical Campus, College of Engineering & Research, Sangola

International Journal of Innovations in Engineering Research and Technology [I[JIERT]

ISSN: 2394-3696, Website: www.ijiert.org, June, 2022

19.
20.
21.
22.
23.

24,
25.

26.

27.

28.

29.

30.

31.

32.

M. Sakawa, H. Yano, T. Yumine, An interactive fuzzy satisficing method for multiobjec- tive linear-programming
problems and its application,|IEEE Transactions on Systems, Man and Cybernetics SMC-17 (1987) 654661.
Charne A, Cooper WW. Programming with linear fractional function. Nav Res Logist Q 1962;9:1816.

Craven BD. Fractional programming. Berlin: Heldermann Verlang; 1988.

Schaible S. Fractional programming I: duality. Manag Sci 1976;22:65867.

Antczak T. A modified objective function method for solving nonlinear multiobjective fractional
programming problem. J Math Anal Appl 2006;332:97189.

Bellman RE, Zadeh LA. Decision making in a fuzzy environment. Manage Sci 1970;17(4).B-141.

Luhandjula MK. Fuzzy approaches for multiple objective linear fractional optimization. Fuzzy Sets and
Systems 1984;13:1123.

Dutta D, Tiwari RN, Rao JR. Fuzzy approach for multiple criteria linear fractional pro- gramming
optimization : a comment. Fuzzy Sets and Systems 1993;54:3479.

Dutta D, Tiwari RN, Rao JR. Multiple objective linear fractional programming: a fuzzy set theoretic
approach. Fuzzy Sets and Systems 1992;52:3945.

Chakraborty M, Gupta S. Fuzzy mathematical programming for multiobjective linear frac-tional programming
problem. Fuzzy Sets and Systems 1 2002;125:33542.

Pal B, Moitra B, Maulik U. A goal programming procedure for fuzzy multi-objective linear fractional
programming problem. Fuzzy Sets Syst 3 2003;139:395405.

Rahmani A,Lotfi FH,Malkhaliteh MR and Allahviranlor T,A new method for defuzzifica-tion and ranking of
fuzzy numbers on the statistical Beta distribution ,Advances in Fuzzy Sys- tem,Volume 2016(2016),Article
1D:6945184,8 pages,http://dx.doi.org/10.1155/2016/6945184.

Antonio Lopez Jaimes,Saul Zapotecas Martinez, Carlos A. Coello Coello, An introductionto multi objective
optimization techniques.

Holland JH. Adaptation in natural and artificial systems. Ann Arbor:University of Michi- gan Press; 1975.

136 |Page


http://dx.doi.org/10.1155/2016/6945184

